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Abstract
In the present article, we derive closed integral form expressions for a family of convergent Math-
ieu type a-series along with its alternating variants, whose terms contain incomplete H-functions,
which are a notable generalization of familiar H-function. The results established herewith are
very general in nature and provide an exquisite generalization of closed integral form expressions
of aforementioned series whose terms contain H-function and Fox-Wright function, respectively.
Next, we present some new and interesting special cases of our main results.
Keywords: Incomplete H-functions; Gamma function; Incomplete Gamma functions; Mellin-
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1. Introduction
In order to consolidate and broaden the results for the Mathieu-type a-series whose terms con-
tain the known functions namely Fox’s H-function (HF), the Fox-Wright function (FWF) pΨq,
generalized hypergeometric function(GHF) pFq, etc., studied in numerous papers by Srivastava
and Tomovski (2004), Tomovski (2009), Tomovski and Tuan (2009), Pogány (2004, 2005, 2007),
the authors introduce the Mathieu-type a-series and its alternative variant whose terms contain
incomplete H-Functions (IHF’s) Γm,np,q (z) and γ
m,n
p,q (z). IHF’s Γ
m,n
p,q (z) and γ
m,n
p,q (z) are a notable
generalization of well known H-function (HF). Most recently a number of extensions and gener-
alizations of Mathieu-type a-series have been studied by several authors, namely Srivastava et al.
(2018), Mehrez and Sitnik (2019), Mehrez and Tomovski (2019), Gerhold and Tomovski (2019),
Choi et al. (2017), and Tomovski and Mehrez (2017). The results obtained in this paper serve the
purpose of formulating key formulas for special functions with utility in Engineering, Science, and
Technology scattered across the literature (see, for details, Bansal et al. (2019, 2019, 2019, 2020,
2019)). Numerous applications of IHF’s Γm,np,q (z) and γ
m,n
p,q (z) can be seen in the analytic study of
cumulative and survival probability density functions (in probability theory) along the lines previ-
ously investigated by Chaudhry and Qadir (2002), making use of incomplete exponential functions.
2. Preliminaries









ts−1e−tdt, (y ≥ 0;R(s) > 0 when y = 0), (2)
respectively. Furthermore, Equations (1) and (2) satisfy the following decomposition formula:
Γ(s, y) + γ(s, y) = Γ(s), (R(s) > 0). (3)
The condition used on the parameter y throughout the current paper is unrestrained of R(z)
(z ∈ C).
Incomplete generalized hypergeometric functions (IGHF) pΓq and pγq were defined in terms of
IGF Γ(s, y) and γ(s, y) by Srivastava et al. (2012) with the help of Mellin-Barnes type integrals as
follows:
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pΓq
 (e1, y) , e2, · · · , ep;










































 (e1, y) , e2, · · · , ep;








































where L represents the contour integral, which starts at τ − i∞ and ends at τ + i∞ (τ ∈ R).















(e1, E1, y), (e2, E2), · · · , (ep, Ep)







f(s, y) z−sds, (6)
where
f(s, y) =






Γ(1− ej − Ejs)
q∏
j=m+1
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and











(e1, E1, y), (e2, E2), · · · , (ep, Ep)







F (s, y) z−sds, (7)
where
F (s, y) =






Γ(1− ej − Ejs)
q∏
j=m+1





The IHF’s Γm,np,q (z) and γ
m,n
p,q (z) exists for all y ≥ 0 given by (6) and (7), respectively, under the
same set of conditions which were given in the articles (see, for details, Kilbas et al. (2006), Mathai
and Saxena (1978), Mathai et al. (2009)).
The above-mentioned IHF’s have a large number of special cases out of which some of them are
presented as follows:






















(1− e1, E1, y), (1− ej, Ej)2,p
(0, 1), (1− fj, Fj)1,q
 = pΨ(Γ)q








(1− e1, E1, y), (1− ej, Ej)2,p
(0, 1), (1− fj, Fj)1,q
 = pΨ(γ)q
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(3) Further, considering y = 0 in (9) IFWF pΨ
(Γ)
q will reduce to prominent FWF pΨq (see Srivas-












(4) Again, small adjustment in the parameters of IFWF’s (9) and (10), then it will be reduce to








 (e1, y), e2, · · · , ep;











 (e1, y), e2, · · · , ep;
f1, · · · , fq;
z
 . (13)
(5) Small adjustment in the parameters of IHF Γm,np,q (z), then it will reduce to multi index Mittag-
Leffler function(MIMLF)Eγ,κ(αj ,βj)m [z] (Saxena and Nishimoto (2010, 2010), see also Srivastava




(1− γ, κ, 0)







 = Eγ,κ(αj ,βj)m [z], (14)
where MIMLF is defined as follows:
















> max{0,R(κ)− 1}; R(βj) > 0 (j = 1, ...,m)
)
.
Now, by considering the IHF’s Γm,np,q (z) and γ
m,n
p,q (z) input-kernel in place of HF and FWF pΨq
previously taken into account by Pogány (2007) and Pogány and Saxena (2011) respectively. We
define Mathieu-type a-series Θλ,µ and Ωλ,µ along with it’s alternating variants Θ̃λ,µ and Ω̃λ,µ by
5
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the following series:







(α, β), (e1, E1, y), (ej, Ej)2,p
(fj, Fj)1,q

cλj (cj + r)
µ
, (16)
(y ≥ 0, λ, µ, r ∈ R+)







(α, β), (e1, E1, y), (ej, Ej)2,p
(fj, Fj)1,q

cλj (cj + r)
µ
, (17)







(α, β), (e1, E1, y), (ej, Ej)2,p
(fj, Fj)1,q












(α, β), (e1, E1, y), (ej, Ej)2,p
(fj, Fj)1,q

cλj (cj + r)
µ
, (19)
where the following sequence of real numbers c = (cn)n∈N is an increasing sequence tending to
infinity, i.e.,
c = 0 < c1 < c2 < · · · < cn ↑ ∞. (20)







was introduced and further studied by famous mathematician Émile Leonard Mathieu in his book
Mathieu (1890) based on elasticity of solid bodies. The bounds of the series (21) are required
for finding the solution of boundary value problems for the biharmonic equations present in two-
dimensional rectangular domain Schröder (1949).
3. Integral representations of Mathieu type series involving incomplete
H-functions
We establish a family of convergent Mathieu type a-series along with it’s alternating variants con-
taining incomplete H−functions.
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Theorem 3.1.
If µ > 0, λ > 0, r > 0, β = σ = 1, α = 1 − λ and c satisfies the condition (20). Then, the
following result holds true:
Θλ,µ{Γm,n+1p+1,q ; c, r} = ΓIc(λ+ 1, µ) + µΓIc(λ, µ+ 1), (22)
Θ̃λ,µ{Γm,n+1p+1,q ; c, r} = Γ̃c
I
(λ+ 1, µ) + µΓ̃c
I
































Here, c : R+ 7−→ R+ denotes an increasing function such that c(x)|x∈N = c and [c−1(x)] represents
integer part of the quantity c−1(x).
Proof:




e−ζt tµ−1dt, (R(ζ) > 0, R(µ) > 0). (24)
Setting α = 1− λ, β = 1 in equation (16), we get







(1− λ, 1), (e1, E1, y), (ej, Ej)2,p
(fj, Fj)1,q

cλj (cj + r)
µ
. (25)
Further, with the help of Srivastava et al. (2018)[p. 122, Theorem 3.2] and equation (24) alongwith
applying ζ = cj + r, we obtain
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Next, we interchanging the order of integration with summation under the permissible conditions,
we get












sλ−1e−rt tµ−1 Γm,np,q [rs] dsdt, (27)





has Laplace form Integral representation Pogány (2004, 2007) such that it can be expressed as
follows












where [c−1(x)] = 0 for all x ∈ [0, c1). By using the above expression in (27), we obtain






























































It is easily established that
Is = Γ
I
c(λ+ 1, µ) and It = µΓ
I
c(λ, µ+ 1). (30)
8
Applications and Applied Mathematics: An International Journal (AAM), Vol. 15 [2020], Iss. 3, Art. 1
https://digitalcommons.pvamu.edu/aam/vol15/iss3/1
AAM: Intern. J., Special Issue No. 6 (April 2020) 9
This proves assertion (22).
It can be readily noted that the interesting proof of (23) is identical to that of (22), now implement-
ing the definition of D̃c(.) which is known as the new alternating inner Dirichlet series Pogány et































The proof is completed by utilization of (31) to (23). 
Theorem 3.2.
If µ > 0, λ > 0, r > 0, β = σ = 1, α = 1 − λ and c satisfies the condition (20). Then, the
following result holds true:
Ωλ,µ{γm,n+1p+1,q ; c, r} = γIc (λ+ 1, µ) + µγIc (λ, µ+ 1), (32)
Ω̃λ,µ{γm,n+1p+1,q ; c, r} = γ̃cI(λ+ 1, µ) + µγ̃cI(λ, µ+ 1), (33)
where






























Here, c : R+ 7−→ R+ denotes an increasing function such that c(x)|x∈N = c and [c−1(x)] represents
integer part of the quantity c−1(x).
Proof:
Theorem 3.2 can be easily proved on the similar lines, so we omit the details. 
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4. Consequences and special cases
A number of frequently used special functions namely the Fox-Wright Ψ-functions, GHF pFq,
Meijer G-functions and Bessel functions are contained in the well known class of function which
can be expressed effortlessly in terms of HF. Now, we present some special cases related to the
above-mentioned results.
(i) If we reduce IHF to HF by using equation (8) in Theorem 3.1, we obtain the result established
by Pogány and Saxena (2011) [p. 119, Corollary 2].
(ii) If we reduce IHF to well known FWF (11) in Theorem 3.1, we obtain the result established by
Pogány (2007) [p. 765, Theorem 1].
(iii) If we reduce IHF to MIMLF by using equation (14) in Theorem 3.1, then the following result
holds true:
Θλ,µ{Eγ,κ(αj ,βj)m+1 ; c, r} = E
I
c (λ+ 1, µ) + µE
I
c (λ, µ+ 1), (34)
Θ̃λ,µ{Eγ,κ(αj ,βj)m+1 ; c, r} = Ẽc
I
(λ+ 1, µ) + µẼc
I
(λ, µ+ 1), (35)
where









(1− u, 1), (1− γ, κ)















(1− u, 1), (1− γ, κ)








Here, c(x), c−1(x) and [c−1(x)] will retain the same meanings as discussed previously.
(iv) If we reduce IHF to IFWF by using Equation (9) in Theorem 3.1, then the following result
holds true:
Θλ,µ{p+1Ψ(Γ)q ; c, r} = ΨIc(λ+ 1, µ) + µΨIc(λ, µ+ 1), (36)
Θ̃λ,µ{p+1Ψ(Γ)q ; c, r} = Ψ̃Ic(λ+ 1, µ) + µΨ̃Ic(λ, µ+ 1), (37)
10
Applications and Applied Mathematics: An International Journal (AAM), Vol. 15 [2020], Iss. 3, Art. 1
https://digitalcommons.pvamu.edu/aam/vol15/iss3/1




































Here, c(x), c−1(x) and [c−1(x)] will retain the same meanings as discussed previously.
(v) If we reduce IHF to IGHF by using Equations (9) and (12) in Theorem 3.1, then the following
result holds true:
Θλ,µ{p+1Γq; c, r} = δIc (λ+ 1, µ) + µδIc (λ, µ+ 1), (38)
Θ̃λ,µ{p+1Γq; c, r} = δ̃Ic (λ+ 1, µ) + µδ̃Ic (λ, µ+ 1), (39)
where




 (u, 1), (1− e1, y), 1− e2, · · · , 1− ep;












 (u, 1), (1− e1, y), 1− e2, · · · , 1− ep;










Here, c(x), c−1(x) and [c−1(x)] will retain the same meanings as discussed previously.
(vi) If we reduce IHF to IFWF by using Equation (10) in Theorem 3.2, then the following result
holds true:
Ωλ,µ{p+1Ψ(γ)q ; c, r} = ψIc (λ+ 1, µ) + µψIc (λ, µ+ 1), (40)
Ω̃λ,µ{p+1Ψ(γ)q ; c, r} = ψ̃Ic (λ+ 1, µ) + µψ̃Ic (λ, µ+ 1), (41)
11
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where


































Here, c(x), c−1(x) and [c−1(x)] will retain the same meanings as discussed previously.
(vii) If we reduce IHF to IGHF by using Equations (10) and (13) in Theorem 3.2, then the following
result holds true:
Θλ,µ{p+1γq; c, r} = σIc (λ+ 1, µ) + µσIc (λ, µ+ 1), (42)
Θ̃λ,µ{p+1γq; c, r} = σ̃Ic (λ+ 1, µ) + µσ̃Ic (λ, µ+ 1), (43)
where




 (u, 1), (1− e1, y), 1− e2, · · · , 1− ep;












 (u, 1), (1− e1, y), 1− e2, · · · , 1− ep;










Here, c(x), c−1(x) and [c−1(x)] will retain the same meanings as discussed previously.
5. Conclusion
In this work, we have derived closed integral form expressions for a family of convergent Mathieu
type a-series along with its alternating variants, whose terms contain IHF’s Γm,np,q (z) and γ
m,n
p,q (z),
which are a notable generalization of well-known HF. The results established in the present study
are very general in nature and give an exquisite generalization of closed integral form expressions
of aforementioned series available in literature.
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